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Abstract 

We describe the spectral properties of the Jacobi operator {Hy)n = a„„iy„_i+a„y„+i + 
ly^ , bnUn, n G Z, with a„ = aj^ + u„, bn = + where sequences > 0, 6^ G M are 

I periodic with period q, and sequences u„ have compact support. In the case ti„ = 

■ we obtain the asymptotics of the spectrum in the hmit of small perturbations v^. 

1 Introduction 

00 ' Let if ° denote the g-periodic Jacobi matrix associated with the equation 

cn ■ 

^ : {H'y)n = + aOy^+i + blu, = Ay„, {X,n)eCxZ (1.1) 

^ I where the sequences a°, 6° G M verify a° = a^^^ > 0, 6° = G M, G Z. We use also 

I notation a° = (a^)„gz, = {b^)nez- In this paper we consider the spectral properties of a 

finitely supported perturbation of defined as follows. Let u = {un)n&, v = {Vn)n& be 
finite sequences satisfying 

tin, Vn G M, = 0, f „ = for n < and n > p, vq, Vp 7^ 0. (1.2) 

Let H denote the infinite Jacobi matrix associated with the equation 

iHy)n = a„-iy„-i+a„?/„+i = Xyn, = a°+u„ 6„ = 6°+t;„, (A,ra) G CxZ. (1.3) 

For a„ = 1, n G Z, the operator H is the finite difference Schrodinger operator with 
finitely supported potential. 

A lot of papers is devoted to the direct and inverse resonance problems for the Schrodinger 
operator — ^ + q{x) on the line M with compactly supported perturbation (see [S], [Z] 
and references given there). 
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The problem of resonances for the Schrodinger with periodic plus compactly supported 
potential — ^ + p{x) + q{x) is much less studied: |F1| . |KM] . |K3] . 

The inverse resonance problem is not yet solved. Finite-difference Schrodinger and Jacobi 
operators express many similar features. Spectral and scattering properties of infinite Jacobi 
matrices are much studied (see |Mo| . |DS1| . |DS1| and references given there). The inverse 
problem was solved for periodic Jacobi operators: [P]. 

The inverse scattering problem for asymptotically periodic coefficients was solved by 
Ag. Kh. Khanmamedov: [KhlJ (on the line, the russian versions are dated much earlier) and 
I. Egorova, J. Michor, G. Teschl |EMT] (on the line in case of quasi-periodic background). 

The resonance problems are less studied (see M. Marietta and R.Weikard |MW] ) . The 
inverse resonances problem was recently solved in the case of constant background [K2]. In 
the present article we consider the direct resonance problem in the case of periodic back- 
ground. The results are applied in in |IK1| to the inverse resonance problem. In |IK2| and 
|IK3| we solved the direct and inverse resonance problems on the half-lattice and applied the 
results to the zigzag half-nanotube in magnetic field. 

Let Lf = {fn{z))n& and 'd = {'&n{z))n& be fundamental solutions for equation (11. ip . 
under the conditions -i^o = V'l = 1 and -t^i = ipo = 0. Let ip^ = -(9 + mj-(p be Floquet-Bloch 
functions (see Section [2]). Here m± are the Titchmarch-Weyl functions. 

Denote A (A) = 2^^{(fq^i + 'dg) the Lyapunov function. Then it is known that the zeros 
{Ej}'^'Li of the polynomial A^ — 1 of degree 2q can be enumerated as follows A(j" < A^^ ^ A^*" < 
. . . < A~_^ ^ A^_^ < A~, where Ag = Aq and A~ = A+. Then the spectrum of in £^(Z) 
is absolutely continuous and consists of q zones cr„ = [A^_^, A~], n = 1, . . . ,q, separated by 
gaps 7„ = (A~, A^). In each gap there is one simple zero of polynomials (Pq{X), A(A), ■(?g+i(A). 
Note that A(Aj) = (-!)«-". 

We use the standard definition of the root: \/T = 1 and fix the branch of the function 
ri(A) = a/1 — A^(A) on C by demanding 

r](A) = v/l-A2(A)<0, for Ag(A+_i,A-). 

Now we introduce the two-sheeted Riemann surface A of a/A2(A) — 1 obtained by joining the 
upper and lower rims of two copies of the cut plane F = C \ crac(-ff°) in the usual (crosswise) 
way. The A;— th gap on the first physical sheet A_|_ we will denote by 7^ and the same gap 
but on the second nonphysical sheet A_ we will denote by 7^ and let 7^ be the union of 7^ 
and 7^7: 

7fc = 7fu^. (L4) 

The finitely supported perturbation {u, v) does not change the absolutely continuous 
spectrum: a^c{H) = a^^{H^) = ULi[^n-i. ^n]- 
Introduce the function 

p 

a(A) = Cdet((if-A)(i7°-A)-^) = Cdet(/ + (i7-i7°)(i7°-A)-^), C = JJ^, 

which is meromorphic on A, see [Fl]. Recall that T = 1/a is the transmission coefficient in 
the S*— matrix for the pair H,H^ (see Section [3]). If a has some poles, then they coincide 
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with some A^. It is well known that if a{X) = for some zero A G A_|_, then A is an eigenvalue 
of H and A G U7^. Note that there are no eigenvalues on the spectrum as_c{H^) C A4. since 
|a(A)|^lonaac(i/°). 

With VL{X) = (1 - A2(A))i/2 (iggng ti^g functions A, J by 

J(A) = 2r](A + iO)Ima(A + iO), A(A) = Re a(A + iO) - 1, for A G a C A+. 

These functions were introduced for the Schrodinger operator on M with periodic plus com- 
pactly supported potentials by the second author in [Kl] . We show that A, J are polynomials 
on C and they are real on the real line. Instead of the function a we consider the modified 
function ^ = 2iVLa on A. We show that ^ satisfies 

^ = 2iVLa = 2zfi(l + A) - J on A. (1.5) 

Recall that Q is analytic on A and i7 = for some A G A iff A = A^ or A = A^ for some 
k ^ 0. Then the function ^ is analytic on A and has branch points A^, if 7^ 7^ 0. The zeros 
of C, define the eigenvalues and the resonances. Define the set 

Ao = {A G A : A = A^ G A+ and A = A^ G A_, 7^ = 0} c A. 

In fact with each 7^ = we associate two points A^ G A+ and A^ G A_ from the set Aq. If 
each gap of is not empty, then Aq = 0. 

Definition 1. Each zero of on A \ Aq is a state of H. 

1) A state A G A+ is a hound state. 

2) A state A G A_ is a resonance. 

3) A state A = A^, k = 1, . . . , q is a virtual state. 
A resonance A G U7^ C A_ is an anti-bound state. 

This definition is motivated by the representation fl3.23p of the resolvent. It is known 
that the gaps 7^ = do not give contribution to the states. Recall that S"— matrix for H, 
is meromorphic on A, but it is analytic at the points from Aq (see [Fl]). Roughly speaking 
there is no difference between the points from Aq and other points inside the spectrum of 

We prove the following result. 

Theorem 1.1 (Total number of states). Let a^,b^ be q-periodic sequences as in ( fi.ij) and 
u,v be a finitely supported perturbations satisfying 1^1.2) . If Up ^ then H has in total 
2p + 2g — 1 states. If Up = then the number of states is 2p + 2q — 2. 

Theorem 11.11 follows from the properties of function ^(A) formulated in Theorem 15.11 

Theorem 1.2. Let a°,6° be q-periodic sequences as in ( fi.ij) and u,v be finitely supported 
perturbations satisfying 1^1.2) . Then ^ satisfies ( [i.5]) and the following properties hold, 
i) There exists an even number of states (counted with multiplicities) on each set 7^ 7^ 0, 
k = 1, . . . ,q — 1, where 7^ is a union of the physical gap 7^ and non-physical gap 7^ (see 
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a) Let X E -y^ be a bound state for some k = 0, . . . ,q, i.e. ,^(A) = 0. Let A G 7^^, C A_ be 
the same number but on the second sheet A_|_. Then X E •y^ is not an antibound state i.e. 

e(A) ^ 0. 

Hi) Let N be the total number of bound states. Then N + q is even. 

The properies i),ii) follows from Lemma [3.21 The property iii) is proved in |IK1] . 
For each k = 1, . . . ,q — 1 there exists a unique point ak G [A^, A^] such that 

{-iy-''A{ak) = max |A(A)| = cosh /ifc (1.6) 
Ae[A-,A+] 

for some ^ 0. 

Let yUfc , /c > 1 be the Dirichlet spectrum of the equation H^y = Xi/n on the interval [0, q] 
with the boundary condition yo = Uq = 0. They are zeros of (pq{X). It is well known that 
each jUfc G [A^:, A^^], k = 1, . . . ,q - 1 > 1. 

Theorem 1.3 (Small perturbations). Let t > 0. Suppose Uj = 0, and write tVj instead of 
Vj. Let 7„ = (A~, A^) 7^ 0. Then there exists to > small enough such that for all t G (0,to) 
the following statements hold true. 

i) In each 7^ 7^ 0, k = 1, ... ,g — 1, there are exactly two simple real states X^{t) G 7^ 
such that A^ ^ ^k{t) < c^k < X'^(t) ^ A^. Moreover, if Xq is one of X^(t) and satisfies 
(_l)<?-n+ij(Ao) > (or (-l)«-"+V(Ao) <0 or J(Ao) = O;, then Xq is a bound state (or an 
anti-bound state or a virtual state). 

ii) The following asymptotics hold true 

where J(A^) = tJi(A^) + 0{t^) and, if X^ ^ jJn then 



fc=0 



otherwise if X^ = fin or A„ = /i„ then 

"0 fc=l 

Remark. Suppose Vk > 0, k = 1, . . . ,p and A^ 7^ Then for = 1, . . . , g — 1, we have 
(— 1)"^"""*"^ Ji(A~) > and A^(t) is bound state and X^(t) is antibound state. If A~ = /i^ then 
we get that X~{t) is antibound state and A^(t) is bound state. Similar in other cases. We 
have that if all Uk, k = 0, . . . ,p, have constant sign then for t small enough there is exactly 
one bound state in each open gap 7^ 7^ 0, k = 1, . . . ,q — 1. 
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If in the contrary the sign of Uk is not constant then there can be open gaps 7„ with 
exactly two bound states or exactly two antibound states, namely if 

p p 
sign^t;fc|^/'+(A-)|2 = sign^^;fc|V'^(A+)|^ if ^ ^in, 

k=0 k=0 

and similar in the other cases. 



2 Periodic Jacobi matrices. 



We recall some known properties of the g— periodic Jacobi matrix 
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=a^ > 6° 



6°+, em, nez, (2.7) 



associated with the equation f ll.ip : (H^y), 



_^yn-i + alyn+i + hlyn = A?/„, (A,n) G CxZ. 



As before we denote A(A) = 2^^{ipqj^i+'dq) the Lyapunov function, where if = {(pn{^))n& 
and = ('i9n(A))nGZ are the fundamental solutions for equation fll.ip satisfying {}q = (pi = 1 
and {}i = ipo = 0. 



Let 

We have 



j=i i=i 



a? 



"n-l 



A"-' + C(A 



n— 3n 



V5n(A) 



A 



n-l 



+ 0(A 



n-2\ 



{21 



"n-l 



We denote the zeros of ipq resp. dq+i by /i„ G 7„, resp. z/„ G 7n, = 1, g — 1 (Dirichlet or 
Neumann eigenvalues). Then 



,0 



A 



The zeros {Ej^'^'L^ of the polynomial — 1 of degree 2q can be enumerated as follows 



En 



Aq < -El = Al ^ E2 = \i < . . . < E2q-3 = Xq_i ^ E2q-2 = ^t-l < E2q^l = A 



where Aq = Aq and A^ = A^. Then the spectrum of on £^(—00, +00) is absolutely 
continuous and consists of q zones (T„ = [A^_i, A~], n = 1, . . . ,q separated by gaps 7„ = 
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(A„ , A+). We denote 70 = (— oo,Aq), 7^ = (A^,+oo), the infinite gaps. In each gap 7„, 
n = 1, ... ,g — 1, there is one simple zero of polynomials (Pq{X), A(A), 'i9g+i(A). Note that 
A(A^) = (-1)'^-". 

Let r be complex A-plane with cuts along segments cr„, n = 1,2, . . . ,q. T can be identified 
with and on F we omit the index +. On the plane F consider the function 



z = zi\) = A(A) + VA2(A) 



fixing the branch by the condition a/A2(A) — 1 < for A > A^ (in accordance with Intro- 
duction). Then 

v/A2(A)-l = ^ n V^^^- (2-9) 

j=0 

Then function z = z{X) is continuous up to the boundary dT and has the properties: 
\z\ < 1 for A G F, and \z\ = 1 for A G dT. Moreover (Teschl page 116 (7.12)) for A G A+, 



z 



- = (2A(A))^ {1 + (A-'')) = (I) (1 ± f + ^ 



We have 

2in = z-z-' = T^(^lTj + (^-^^ y A G A±. 

Then z{\) = ^+(A) = e*''^^'^-' is the first Floquet multiplier and x(A) is quasimomentum. 
The second Floquet multiplier is then ^-(A) = -2(A). We denote also e*^*-'^-' = tu, so z(\) = 
e+(A) = u'^. 

For each k = 1, . . . , q—1 there exists an unique point ak G [A^ , A^] such that (—1)^ '^A{ak) 
^^^xel\-,\+] \ = cosh/ifc. 

On each 7^, A; = 0, 1, . . . , g, the quasi-momentum x(A) has constant real part Re(x) = 
2^7r, x(A^) = x(A^) = ^^vr, and positive Im(x). Moreover, as A increases from A^ to A^, 

the imaginary part Im(x) = v{X) starts by increasing from to hk = |(x(afc) — ^^tt), then 
decreases from hk to 0. Then 



VA2(A)^ = isingx = 2-ie^('?-'=)"(e-5'' -e^'') = -(-1)""'= sinh gw, (2.10) 

and also sinhgf = — 2~^(u;^ — uj~'^) > 0. 

Equation (II. ip has two solutions (Bloch functions) = ijjtW which satisfy ip^^ = 

/c G Z, and at the end points of the gaps we have |V'fcg('^n)l ~ 1- A G F we have 
^jj"^ G ±00), then funct ions ip'^i^X) are the Floquet solutions for (II. ip : 

*J(A) = tf„(A) + ,n±(A)45„(A), (2.11) 

WASEl,,^^,,,^. (2.12) 
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Thus 

m+m^ = (2.13) 

This equahty considered at zeros of polynomial v^q(A) shows that if /i„, n = 1, . . . , g — 1, is 
not a virtual state then we have either (i) has simple pole at m_ is regular or (ii) 
m_ has simple pole at /i„, m+ is regular. Thus one of the solutions ipni^) regular, the 
other has simple poles, one in each finite gap 7„, n = 1, . . . , g — 1. 
We have also 

z — 

m+ = ^, m_ = mip, (/)^ + 1 - = 1 - LPq+idq = -dq+i^pq. (2.14) 

3 Scattering theory 

For a finitely supported sequences m, f satisfying (11. 2p we consider the infinite Jacobi matrix 
H associated with the equation (II. 3p : 



{Hy)n = a„_i?/„_i + anVn+l + KUn = >^yn, On = 0° + M„ = iP^ + 



{X,n) eCxZ. 

Let be the Jost functions /~ = tpn^ ^ 0; = 'i/'^, for n > p. Let 
0'n{(pni^n+i — 'Pn+i^'n) dcuotc the Wrouskiau. 

We have /+ = + m+(^„, f- =§^ + m_(A) = m+(A), where 

dn, (p~ = ^n, 'Pn for 72 ^ and (Pn = ^n, V^n for U > p. 

The Jost functions are linearly independent and we have 



where 



f^{X) = a{X)mX) + P^{X)f^{X), for A G a..{H'), (3.15) 



c.(A) ^ ^ ^^^{r(A),r(A)}, 

{/T(A),/T(A)} a02^singx(A)^' ^ ^'^ ^ 

{rix),7HX)} ^ ^,iX) 



We denote 



^ = {r(A),/-(A)}, ^ = {/-(A),/+(A)}, 



fi(A) = (l-A2(A))i/2 = singx(A), ^ = 2zfia, = = t^^"^* ^ ^=7^''*- 

"-^'"(^'' ^--lii^'^'' "--^^'^'^ 
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Then s — — {/ (A), /"'"(A)} and we have 



|a(A)|^ = 1 + |/3±(A)|^ and ^±(A) = -^^(A), 



WW 



+ SS*, J^ = 41]2^5, f]2^A) = 1- A2(A) 



(3.17) 
(3.18) 



We define the scattering matrix 



(3.19) 



for the pair {H,H^), where 
T(A) = 



1 r. P±{^ ^ T{/^(A),/^(A)} 

«(A)' ^ a(A) {/-(A),/+(A)} ■ 



We have also i?+ = s/w, and i?„ = s/w. 

The matrix 5(A) is unitary: |T(A)p + |i?±(A)p = 1, T(A);r7(A) = -r(A)i?_(A), extends 
to A as a meromorphic function. The quantities T and R± are the transmission and the 
reflection coefficients respectively: 



T(A)^±(A), n^±oo 
^±(A) + i?^(A)^;r(A), n^Too 



, Aea(//°). 



The determinant of the scattering matrix is given by 



det S{\) =T^- R+R_ = ^ + 



\a\ 



a" 



We have also 



s 

w 



s 
w 



Lemma 3.1. The following identities hold true. 



C(A) = 2i sin qx{l + A) - J, A = - 

2 



-q'Pi -(pi\ + -q(Po + {i^o - i^o) 



J=- 



e(A) = 2(-l)^-"+isinh^(A)(l + ^) - J(A), A e 7^ 0, 
where v — Imx and ±t'(A) > for A e 7^. 

Proof. Let us calculate a. We have ipQ = 1, = m_, then using 

(A - b^Vn - alvn+i 



(3.20) 



Vn-l 
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we get 



(A - hi) ■ V^o" - a^V^r _ (A - 6°) - aim. 



"-1 



Now applying 



Vn+l 



(A - hn)yn - an-lVn-l 



Now, /o = V'o = 1' /-I = ^-1- Then 



(A-feo)-/o (A - 6o) - (A - &[J) ■ V^o" + «oA" aim. - vq 



ao 



Recall 



m_|_ 



ao 



ao 



For |w| = 1, 7^ 1, 

w = {fn, fn} = const = {Jq, /o+} = ao{fofi - fifd) = aofi + (^^o - aom_)/o+, 
s = {fn, fn} = const = {/o+, /q"} = ttoif^f^ - f^f^) = {aim. - vo)ff^ - ao/+. 

Now using (I3.16P we get 

^(A) = 2i singx • Re a — 2 singx ■ Ima, A G a.^c{H^)- 

Then we have = = 4(1 — A^)(Rea)^ + (2singx ■ Ima)^. Denote A = Re a — 1 and 
J = 2 sin q>c ■ Im a. Hence 

^(A) = 2isingx(l + A) - J. (3.21) 

We have 

ag clq ao 

QjQ QlQ QjQ 

As for A G aac{H^)i Inim+ = ip'^^ sing/t, we get 



Re a = - 



-0^1 + -nVO + ^0 



2 



Identity (ICTj) follows from ( l2ln|) . 

Lemma [3.11 shows that ^ is analytic on A. We define the states by Definition [H 
Resolvent. The kernel of the resolvent of H is 



R{n,m) = {en,{J - \) ^e^) 



f- f+ 

J n J m 



n < m. 



(3.22) 
□ 

(3.23) 



where e„ = (5„,j)jez, K,m = '^qfn fm- 

The function R{n, m) is meromorphic on A for each n, m G Z. 
We have 

Fn,m = '^q^n^m +(</> + « sin gx)t9„(^„ + (0 " ^ sin q>c)(pn^rn " "^q+l^n^m- 

The zeros of ^ define the bound states and resonances as -F„_m is locally bounded. This 
motivates Definition [H 

We get = 4(1 — A^)(l + + J^, where J, A are polynomials, and A, J = if Uj, vj = 
for all j G Z. 

Using (IXTTj) and 4(1 - A^) = (2singx)2 we have also J" = 4(1 - A^) + 5(A), where 
S{X) = ^s(A)s*(A). Valid for all A G C. 

Lemma 3.2. 1) We have T = A{1 - A'^){1 + Af + J'^ = A{1 - A'^) + S{X) is polynomial and 
J-'(A) > and 5(A) ^ on each interval {X^^i, A^), k = 1, . . . ,q. The function T has even 
number of zeros on each interval [A^, A;!"], A; = 1, . . . , g — 1 and J-' has only simple zeros at 
A^, Ik ^ 0. 

^) U Ik = (Afc , A^) = for some k ^ 0, then each /^(■), n & "Z, is analytic in some disk 
B(X^,e), e > 0. Moreover, /ifc = X"^ is a double zero of J-' and A^ is not a state of J. 

3) Let X & 'y'^ be a bound state for some k = 0, . . . ,q, i.e. ^(A) = 0. Then A G 7^ not an 
antibound state and ^(A) 7^ 0. 

4) X & C is a zero of iff X & K is a zero of ^ with the same multiplicity. 

Proof. 1) As = 4(1 - A2)(l + Af + .P , it is clear that J^(A) > and 5(A) ^ on 
each interval (A^_]^, A^), k = 1, . . . , g. Due to J-'{Xf) ^ 0, we get that J-' has even number of 
zeros in each interval [A^, A^], = 1, . . . , g — 1. We have ^ = ^0 + 3,^0 = 4(1 — A^). We 
consider the case A = A^^, the proof for A = A^ is similar. If J^(A) = 0, then we get 5(A) = 0, 
since A2(A+) = 1. Moreover, ToiX^) = -2A(A+)A'(A+) > and 5'(A+) ^ 0, which gives 
that A = Aj^ is a simple zero of J-". 

2) Suppose /ifc = A^ = A^. The function m± is analytic on F = C \ and hence each 
fn{')i n ^ Z, is analytic in T. Moreover ( I2.14p yields 4>{^k) = Vqil^k) = i^q+i{fJ'k) = and 
then J{fik) = Thus the function J-" has at least double zero at fik- 

The rest of the proof is similar to the proof of Lemma 3.3 in |K1] . □ 

4 Small perturbations 

Here we redefine the perturbation coefficients and write tvj, tuj, instead of Vj, Uj. 

For A G 7n = (A-, A+) we have 1 - A2(A) < and J^(A) = 4(1 - A2)(l + Af + .P < 
4(1 - A^) + J(t)^. As J{t) = 0{t) then for t small enough we have J'(A) < 0. As on each 
zone {X^_i, X~) we have J-" > then there are at least two states on [A~, A^]. 

From Lemma [3. II it follows that for t small we have with A = A(t) 

e(A) = 2(-l)''-'^+^sinhi;(A)(l + 0{t)) - J(A), J(A) = 0{t), v{X) = 0{t), 
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where v = Imx and ±f(A) > for A G 7^. Let Aq = A^(t) or Aq = A^(i(:), t > 0. Then Aq is 
the bound (antibound) state iff — (— 1)^"'' J(Ao) > (— (— 1)^"'' J(Ao) < respectively) and 
i) in Theorem 11.31 follows. 

Proof of ii) in Theorem 11.31 

We denote = yj^f'' a sin- type polynomial for the j— shifted problem 

flfe+j-il/fc-i + flfc+jZ/fc+i + bl^jVk = Xyk, keZ, y^^^ = 0, y'f^ = 1. 
We have (see Toda |To) ) 



(4.24) 



a, 



a 









and put ip{X, n + k,k) = (fn \ Then (f{X, k, k) = 0, !f{X, k + 1, k) = 1. 
From |Khlj or |EMT| it follows that we have representation 
p+i p+i 
f+ = ^+ + tJ2 {JK{X,n,.)Ut = ^+ + t J2 {JK{X,n,.))k^+ + 0{t' 



k=n+l 



k=n+l 



where 



^ ^{X,n,k- 1) ^{X,n,k) ^{X,n,k + 1) 
{JK{X,n, = Uk-i H Vk H 5 Uk- 



a): 



''k-l "-yfc+l 

Moreover 

p+i p+i 

(pQ = ^o + t J2iJK{X, 0, .))k<fk + C(t'), <fi = ipi + t 5^( Jir(A, 1, .))kfk + C(t'), 



(4.25) 



k=l 
p+l 



k=2 
p+l 



fc=l A;=2 

Denote Ylktn+i{JK{X,n, .))kVk = Pn and Ylk^n+ii^ ^i^^^^ ■))k^k = T„. Then we get 



J=-t 



A = t- 
2 



<^,Ti + 0(Pi - To) + ^<^,^o + Vi^o + ^< 



+ 0(t'), 



+ 0(t'). 



We denote Ji respectively Ai the coefficient for t in the expansion: J = tJi + 0{t^) respec- 
tively A = tAi + 0{t^). Then 

p+l 



Ji 



(fgTl + 0(Pl - To) + ^Ifg + '&g+lP0 + 



iPgY,JK{x,i,k)A 



P+l 



fc=2 

p+l 



,fc=2 



fc=2 



A;=l 



/p+l P+l \ 

\fc=2 fc=l 0/ 
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We restrict ourself to the case Uj = as otherwise the formulas would be too cumbersome 
due to three terms in (I4.25P ). Using that ^(X, 0, k) = — u^k^ ^{X, 1, k) = -^'dk we get 



Jl 



Vk 



Vk 



k=2 



+ ^q+1 X] ^'/'(A, 0, A;)(/?fc 



vfc=2 



k=2 ^ 



k=i 



Y ~i IVqVi^'^ k)i^k + (V5(A, 1, k)ipk - V5(A, 0, k)i9k) + i9g+iv?(A, 0, k)ipk] - 



k=2 



V V 1 V 



^^0 



a. 







where F° = (pq^l + 2(j)'&k(pk - '&q+i^l = (fqip'^i'f, ■ Similar 



1 ^ Vk 1 ^ Vk 



2 — ' aX 

fc=2 'J 



Let Ao = A^ (t) and A^^-* be the left endpoint A^ or let Aq = A^(t) and A'-'^^ be the right 
endpoint A+ Let A = X{t) = A^ + tX^^'> + t^X^"^^ + 0{t^) be solution of J'(A) = 0. Let 
J(Ao) = t Ji(Ao) + 0{f ). Then A^^) = and 



Ao(t) = A(°)+t 



4(A2)'(A(o)) 



which can be obtained as in the example in Section O Using the properties of the polynomial 
J-o = 4(1 - A^) we get -r,{X,) = 4(A2)'(A, ) > and -J-^(A+) = 4(A2)'(A+) < 0, 
/c = l,...,g-l. ^ 

Using = ^qdl + 2ct)dk^k - ^q+i^l = ^q [^k + ^<^fc) + we get 



"^l(An, 



k=0 ;,^Q V 



0(A^) 



-<^fc(A^ 



n=0 



n=0 



n=0 ^" 



^9 ' 



where (0(A^))^ = — '(9q+i(A^)v9g(A^), which achieves the proof of ii) in Theorem 11.31 □ 
The Remark after Theorem 11.31 follows from the following inequalities. 
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If 7^ /In, n — 1, . . . ,q — 1, then we have ip~^{X^) — ip (A^) and 
(-1)''->.(AJ = (-l)"-'^! n (^n - A^.) > 0, 

(-i)^-^->,(A+) = i-iy-'^"^ n (^n - /^.) > 0, 

i=i 

(-l)''-V,(Ao-) > 0, {-iy-'if,{X^) > 0. 

If > 0, A; = 1, . . . ,p. Then for n = 1, 1, we have (-!)«-"+ Vi (A") > and X-{t) 
is the bound state and A^(t) is the antibound state. 
If A~ = /In, for some n = 1, . . . , g — 1, then 



MX-) ^^^^^Y.v,{^Mf = -^n(A- -z/,)x:w.(/^n))^ 

(Xr\ J\ 

fe=i i=i fc=i 



and 

9-1 



A 



Thus in this case the bound and the antibound states are just swaped with respect to the 
case A^ ^ The proof of the Remark is finished. 



5 Asymptotics 

Theorem 5.1 (Asymptotics). The function^ — 2ifta, which is analytic on A and has branch 
points at {Ej}^'^^, has the following asymptotics as A e 7^ and A — > 00 : 



e(A) 



1 + 



y2p+q-2 



q-1 

i/AeA+ A = J]a5 

j=0 

1 

A 



^^0 



for X e A_ and for a° 7^ Gp 
for X e A_ and for = Cp. 



The polynomial T{X) — ^(A)^*(A) has the following asymptotics as A — >■ 00 



T{X) 



y2p+2q- 



)2p+2q-2 



X 



t;o(-(a^)%) + e» 



A 



•J- 

if Up = Up. 
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The theorem imphes that the total number of states of H (counting with multiphcities) 
is either 2p + 2g — 1 states if 7^ Op or 2p + 2g — 2 states if = and 6° 7^ hp. 
Proof. The proof follows from the asymptotics of fp^nW ^^r A G A± and A — )■ 00. The 
asymptotics for A G A+ are well known and can be found for example in |T] and |EMT| . Note 
that the Jost function /o'^(A) on A_ can be formally obtained as (/o^(A))* for A G F ~ A+ by 
iteration of (II. 3p starting with n = p + 1 and (/p^i(A))* = ippj^i{X), A G F, where * denotes 
the complex conjugate. 

Let fn, 'ipn denote either /+ respectively = + m^ipn or respectively ipn — 

dn + m-ifn, for A G F. We start with 

fp+i = V'p+i) fp = — V'p- 

ap 

Put $(j) = Thus $(0) = m±. Then 



r np>(j) for p > 
= n*'^(-^') = { ^ forp=0 
^=0 I nS('^(^'))~' forp<0. 

We have (see Teschl [Tj, a°(n) = a°, 6°(n) = 6°) 
Put ^(ra) = <l>-i(n). 





/p-i 

/p-2 



(A - 6p)a°^p - a^^p+i _ 



QjpQjp—l 



dpdp—X 



((A-6p)a5v]/(p)-aJ) 



(A - Vi)«P-i ® -^p-i^V'p 



0'p-lO'p~2 



^p+l 



O'pO'p-lO'p-2 



((A - Vi) [(A - hp)al^>{p) - aj] - a;.ia°vl/(p)) 



(A - 6p-2)ap-2 ® -^^2^^ ((A - bp)al^{p) - a^) 



Op-20p-3 



((A - V2) [(A - Vi) [(A - hp)al^{p) - aj] - aj_,a°vl/(p)] 



dp . . . Clp_3 

al_, ((A-6p)a;vl/(p)-aJ)). 
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— >■ oo. 



Let*W^*-(A,p) = ^(l + ^ + o(l)),A 

v.,«-*>;«(A) = j|^(i-ip» + o(i,)), 



A ^ OO. 



Then 



(A - b,)alnp) -al = {{ 



fp—n 



+ O (A^'+"-2) ; 



p-i 



j=0 j=p—n+l 



/0(A) = 



A2P 



n?=o%nj=o«: 
(Kf-aj)+A-^ 



J=0 j=l 



+ 



+ C»(A2^'-2). 



If aj, = a% then /o(A) = A'^'X^p-W, -h^ + O (A^f-^) . 

Now we can get the asymptotics of function ^. Recall that 



i = 2isingx(A)a(A) = = ^ {/-,/+} = 9^,(A)(^/+ + - m_)/o+). 



ao 



Using m± = $(0) and 



1 ± 



A 



1 + C 



A 



A 



A2P 



n?=o«.n?=o«? 



p-i 



-iKr - a?)(E^; + E^^) + KM - M 

j=0 j=l 



+ C»(A2f-2), 
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p-i 



j=0 j=2 



2/1,0 



- K 



where 



P ^0 



an 



,=o«^ 



we get, for A e A_,_, 



X 



1 + 



and for A e A_, 



A« 



-1 



ao 



A^--^ {{air -al) + 



A 



agao 
agoo 



A 



or 



if a. 



Hence the polynomial J^{\) = {(A){*(A) has asymptotics 



J-(A) 



y2p+2q- 



\2p+2q~2 



t'olW)^ - V + ^ ( A ) ) 



T;o(-(aJ)%) + C» 



6 Example: p = 1, = a°. 

Let p = 1, = a°. Then /^^ = tfj^ = m+. Using that 

; + _ (A - bDi^t - _ (A - &;)m+ - a° 
^2 " a? " a? 
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we get 



_ (A - - ^li^t _ (A-6i)m+-(A-&°)m+ + a° _,v^ 

JO — n — n — ^ „o"^+- 



Thus we have i^o = 1; = 'f^i = 0, = 1. Then 



Now 

If we write ti^j instead of v, then in tiie first order in t we get 

^ = 4(1 - A2)(l + Af + J' = 4(1 - A^) + f f-^^, + ^ Vi) ' + 0{t'). 

Denote {-^Vq + ^ = •^2(A). Let A^ = A+ or A(°) = A^^ for some A; = 1, . . . , g - 1. We 

look for solutions of J'(A) = in the form X{t) = A(°)+A«t+A(2)f2+. ... As 4(1- A2(A(o))) = 
we get the Taylor expansion at A = A^°^ : 

J-(A) = - 4(A2)'(A(°))(A«t + X^^h' + ...)- 2(A2)"(A(o))(A(i)t + A^^)^^ + . . .)2 + . . . 
+ t2^2(A(°)) + j-2(A(o))'(A(^)t + A(2)t2 + ...) + 0{t^). 

As (A2)'(A(o)) ^ 0, (A2)"(A(0)) ^ 0, we get A^^) = 0, 
and A(i) = AW + A(2)t2 + o(i3)_ 
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